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BROCARDIAN GEOMETRY REVISITED 

OR 


SOME REMARKABLE INEQUALITIES 


R.J. STROEKER & H.J.T. HOOGLAND 

ABSTRACT 

The Brocard angle w of a plane triangle with 

angles a 
l 

,a
Z

,a is completely determined by the relations
3 

In this paper certain inequalities of type 

are dicussed. Here f is a rational function, symmetric and 

homogeneous in a ,a
Z

,a • A well-known example of such an
1 3 

inequality is Yff's inequality 

The following conjectures are posed 

and numerical evidence in support of these conjectures is given. 

A substantial part of this evidence is derived from computer 

graphics. The former conjectured inequality is proved in the case 

of an isosceles triangle. 
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1. 	Elements of 

AI ,A ,A3 :Z
a I ,a Z,a :3 
Cl ,Cl ,Cl 3 !I Z
II 

)1 • 

ill 

K 


M 


Z 

F 

NOTATION 

a given triangle: 

vertices 

lengths of sides 

angles 

positive (or first) Brocard point 

negative (or second) Brocard point 

Brocard angle 

Lemoine' s point 

circumcenter 

centroid 

area 

Z. 

P,P p P Z,P 3 ,Q: points in the plane 

PQ line segment joining P and Q 

PQ length of the line segment PQ 

q PI Q AZ angle between the line segments P1Q and QA Z 

Ei sum extending over i = I,Z,3 

IT. 
l. 

product extending over i = I,Z,3 

maxiCl i max(Cl I ,Cl Z 'Cl 3 ) 

miniCl i min(Cl 1 ,Cl Z'Cl 3 ) 

T {(Cl 1 ,Cl Z ,Cl 3 )ICl i >o, EiCli=n} 

T {(ClI,Cl2,Cl3)ICli~O, EiCli=n} 
[J marks the end of a proof 
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1. INTRODUCTION 

The subject matter of this paper belongs to a part of plane 

euclidean geometry which is almost forgotten these days. This so

called Brocardian Geometry is founded on the properties of two 

exceptional points. called the Brocard points, whose locations in 

the plane are uniquely determined by the triangle to which they 

relate. The Brocard points were discovered in 1816 by A.L. Crelle 

[51. the founder of the renowned "Journal fUr die reine und 

angewandte Mathematik". During a short period following Crelle's 

discovery these points attracted the attention of a few prominent 

mathematicians of that period. but soon this interest waned. It 

was only after 1875 that H. Brocard revived the subject. His 

rediscovery of the points bearing his name initiated a flood of 

papers published on the topic. Among the best known 

mathematicians participating in these investigations were Brocard 

himself, Lemoine, Neuberg, McCay. Tucker and Schoute. Interest 

reached a peak at the end of the last century and declined soon 

after. The most complete account of the results on the Brocard 

points is given in Emmerich's treatise of 1891 [71. which also 

contains an early bibliography with interesting historical 

annotations. More recent are the relevant chapters of the works 

of Johnson [91 and Donath [61. 

Starting point of our discussion is the following theorem 

named after A. Miquel (1838): Given a triangle in the plane with 

vertices AI' A2 , A3 , ~ PI' P2 , be three points one on eachP3 
side of the triangle such that PI lies on A2A3 , P 2 .2..::... Al A3 and P 3 
~ Al A2 • Then the three ci rcles, one of which passes through AI' 

P 2 • P3 , another through A2 • P3 , PI and the third through A3 , PI' 

meet at a single point P. Moreover, the line segmentsP 2 
connecting this so-called Miquel point P with the points PI' P2 , 

P3 make equal angels with the 'respective sides (cf. [91, pp. 131

133). Fig. 1 may serve to clarify this statement. The proof of 

Miquel's theorem is quite straightforward and will be omitted. 

Moving the points P1 ,P 2 ,P 3 clockwise along their respective 

sides of the triangle, so that ultimately PI coincides with A2 , 
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Note that 4 PP A = 4 PPZA = { PP A andI 3 1 3 2 
{ PP1A = { PP A = 4 PP A ; P is the Miquel point.Z Z 3 3 I 

P z coincides with A3 and coincides with Al (the circle throughP 3 
AI' PZ' now becomes tangent to the side A1A Z at Al etc.), theP3 
resulting Miquel point P is called the positive (or first) 

Brocard point of triangle AI AZA3 • By a similar, but now anti

clockwise motion one obtains the negative (or second) Brocard 

point of the triangle: now PI coincides with A3 , Pz coincides 

with Al and coincides with AZ' The generally adopted notationP 3 
for the Brocard points is U and Q' respectively. Direct 

consequences of Miquel's theorem are that 

4 QA ZA = ~ QA3Al = 4 QAIA Z =: 00 and 4 Q'A3 AZ = q Q'AZA = 3 I 
4 Q'A A =: 00'. Further. it is easy to show that 00' = 00 and this1 3 
joint value is the value of the Brocard angle of triangle AI AZA3 • 

There is another way to describe the Brocard point Q of a 

triangle, namely as the unique point Q with the property that 

4 QA = 4 QA3AI = q QAlA ' Obviously, a similar description canZA3 Z 
be given of the point Q'. Note that Q and Q' always lie in the 

interior region of the triangle. 

The points Q and Q' have many interesting properties. To 
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name but a few, Q and Q' are isogonal conjugates, they both lie 

on the circle - the so-called Brocard circle - which has as 

diameter the line segment connecting the circumcenter M with the 

symmedian point K, also known as Lemoine's point, and 

~ QMK = ( KMQ' = w. See fig. 2. 

fig. 2 

In this paper, however, our main concern lies with the 

Brocard angle w. More precisely, we are interested in its value 

in relation to the values of the angles aI' a 
2 

, a of the given
3 

triangle. In 1963 Peter yff [15] conjectured that the remarkable 

inequality 

holds true in any triangle. This inequality triggered of the 

curiosity of many a mathematician. Nevertheless, it took more 

than ten years before a valid proof was found (cf.[l], [4]). The 

reason why this inequality drew so much attention lies in its 

unusual form. Untypical for identities and inequalities involving 

the angles of a triangle, trigonometric functions like the sine, 
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the cosine and the tangent functions are absent in Yff's 

inequality (cf. [31). 

In the sequel we shall be concerned with precisely this type 

of geometric inequality. A difficulty one is likely to meet in 

dealing with inequalities of our choosing is that they won't be 

easy to prove, because geometric arguments are probably of very 

little use. In [IZ1 some examples are given in support of this 

view. 

Z. IDENTITIES FOR THE BROCARD ANGLE 

In this section we shall derive a few simple identities, 


characteristic for the Brocard angle. These identities are also 


helpful in the sense that they provide a certain motivation for 


the 'remarkable inequalities' referred to in the title. 


Hereafter we shall adopt the convention to always denote by 

A1 ,A Z,A 3 the vertices of a given but arbitrary non-degenerate 

triangle with angles a ,a ,a and Brocard angle w.
1 Z 3 

PROPOSITION 1: 

In any triangle the angles a ,a ,a and the Brocard angle w
1 Z 3 

are related by 

(Z.I) 

PROOF: 


Applying the rule of sines in each of the triangles A A Q,

1 Z

fig. 3 
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"A/J! sinw 

A1Q!sinw respectively. 

Multiplying these expressions together and dividing through the 

result by the product A Q.A Q.A Q gives the identity required.1 2 3
Note that (2.1) is precisely the trigonometric version of Ceva's 

theorem: 

sin~P1A1A2·sin~P2A2A3·sin~P3A3A1 

sin~P1A1A3·sin~p2A2A~.sin~P3A3A2 
-1. 

The following identities may serve as defining identities 

for the Brocard angle. 

PROPOSITION 2: 


The identities below are valid in any triangle. 


(2.2) 

(2.3) 

PROOF: Again application of the rule of sines successively in the 

triangles A1A3Q , A2A3Q and A1A2A3 yields (see fig. 3): 

and a !sina = a !sina respectively. Next, elimination of a 1 ,a 21 2 2 
and from these three expressions gives 

2sin al.sinw, 

http:AQ.AQ.AQ
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whieh reads after division by sinal.sinw and using Eiai = ~, 
(eotw-eota )sina .sina = sin(a +a ). Now (2.2) follows easily.

l 2 3 2 3 
Further, by squaring (2.2) one obtains: 

R := eota l .cota + cota 2 .cota + cota3 .cota 1, because2 3 l 
Eia = ~. This yields (2.3) as required. 

o 

Note that each of the identities just proved uniquely 

determines w. This immediately follows from the inequalities 

The next and last identity expresses w in terms of the 

lengths of the sides and the area of the related triangle. 

PROPOSITION 3: 

In any triangle with sides of length a 
l 

,a
2 

,a
3 

and area F,these 

quantities and w are connected by 

4Fcotw E 
i 

2 (2.4) 

PROOF: The area F of triangle AIA2A3 may be expressed as 

F 

Furthermore, by the rule of cosines we have 

Combining these expressions yields 

Because of symmetry, similar formulae are valid for cota
2 
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and cota • Application of (2.2) now leads to the required
3 

formula. 

3. INEQUALITIES FOR THE BROCARD ANGLE 

The most obvious inequality for the Brocard angle w, 

apart from the trivial w > 0, is 

( 3. 1 ) 

In this section we seek to improve upon this estimate, provided 

only aI' a 2 , and ware involved and no other functions thana 3 
rational functions of these quantities are used. 

PROPOSITION 4: 


In any triangle the Brocard angle w satisfies the inequality 


'If (3.2)wi6' 

with equality if and only if the triangle is equilateral. 

PROOF: A well-known inequality for a triangle with side lengths 

al,a2,a3 and area F is 

(3.3) 

(cf. [3],4.4, pp. 42-43). To prove this, observe that 

so that 

which proves (3.3). Moreover, equality occurs if and only if 

a = 3'If and a = a 
3 

, or equivalently, if and only if the triangle
1 2 
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is equilateral. Combining (2.4) and (3.3) gives cotw > 13 
11

and thus w i. 6' [J 

Before continuing our discussion of inequalities involving 

the BrocarQ angle, we state without proof a useful inequality for 

convex functions, which is a special case of Jensen's inequality. 

LEMMA 1 (cf. [8] pp. 71-72 or [10], Introductory chapter): 

Let I be an open interval of the real line and let f: I + R 

be strictly convex. Then 

(3.4) 

for any n points ~ I. Equality holds if and only if 

• •• == x •n 

COROLLARY: Take I = Rand f(x) 

satify the inequality 

(3.5) 

Inequality (3.5) is immediately recognized as the well known 

inequality of the arithmetic and geometric means. 

Let us return to the problem of finding inequalities inter

connecting the angles of an arbitrary triangle and its Brocard 

angle. Observe that in an equilateral triangle ai-w = w (= i) 
for i = 1,2,3. Now, since a approximates sina for small valMes of 

3 
a, identity (2.1) suggests we compare ITi(ai-w) and w • 


PROPOSITION 5 (Abi-Khuzam): 


The Brocard angle w of a triangle satisfies the inequality 


(3.6) 

The equality sign occurs if and only if the triangle is 

equilateral. 
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PROOF: Inequality (3.6) is proven in [2]. But because there is 

some doubt as to the correctness of the method used (see also 

[4]), we prefer to give a different proof, based on a convexity 

argument. 

The function f(x) = log(~) is strictly convex on the 
5 nx -2 -2 

interval (O,w), because f"(x) = sin -x > ° for ° < x < w. 

Hence by (3.4) 

so that 

1 ( w / 6 ) < ! log IT (_W_ • a i - w ). 
og sinw/6 - 6 i sinw sin(ai-w) 

Using (2.1), (3.2) and the fact that the function x/sinx is 

increasing on the interval (0,TI/6] we deduce 

w)6 < ( W/6)6 < -6( sinw - sinw/6 (sinw) ITiw(ai-w), 

which implies (3.6). 

A slightly more complicated proof, also based on convexity, 

may be found in [ 14 J • 
[J 

Note that inequality (3.6) is an improvement of (3.2) in the 

following sense. Inequality (3.5) with Yi = - wand n = 3a i 
becomes 

TI
3" - w, 

1/3so that by (3.6) in the form w < ITi(ai-w) it follows that 
w TI 

W ~ 3" - w or w ~ 6' 

As was hinted at in the introduction, it all began with 

yff's inequality. 
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PROPOSITION 6 (Yff): 

The inequality 

(3.7) 

holds true. in any triangle, with equality if and only if the 

triangle is equilateral. 

PROOF: Inequality (3.7) immediately follows from (3.6). Indeed 
6 2 26400 < fl 4oo(a.-oo) ~ Riai , because 4oo(a -oo) ~ a is equivalenti i i2 ~ 

to (a -2oo) ~ O.i Cl 

Inequality (3.7) is a sharpening of (3.2). This is an 

immediate consequence of the inequalities 

Both inequalities (3.2) and (3.7) are particular examples taken 

from the class of inequalities of the form 

(3.8) 

where f is a rational function, symmetric and homogeneous in its 

three indeterminates and g(x) = f(2x,2x.2x) identically; equality 

occurs if and only if a = ~2 '~3' It goes without saying that
1 

(3.2) should be interpreted as 600 ~ Lia •i 
Searching for other inequalities of this type, improving 

upon the ones we already know, we could try the same heuristic 

approach by which inequality (3.6) was suggested. So, considering 

identities (2.2) and (2.3) and realizing that a approximates 

sina and tana for small values of a, we are led to compare the 
-k -k

values of Lia and 00 for k = 1,2.i 

PROPOSITION 7: 

In any triangle 

(3.9.1) 

http:f(2x,2x.2x
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and 

(3.9.2) 

These inequalities are best possible in the sense that 
k -k 

00 ~iai may attain any value arbitrary close to 1 (but larger 

than 1 as k = 1 or smaller than as k 2). 
1PROOF: The function f(x) = cotx x- is decreasing on (O,n) 


since flex) = -sin-2x + x- 2 < 0 for 0 < x < n. 


Because 00 < a < n (i=I,2,3) it follows that

i 

cota. 
~ 

Hence, by adding and using (2.2) we get 

which proves (3.9.1). 
2Similarly, the function g(x) = cqsec x - is increasing on 

(O,n), because g'(x) = -2cosx.sin- 3x + 2x- 3 > 0 on account of the 

well-known inequality (sinx/x)3 > cosx on the interval 

(O,tn) (see [10], p. 238, inequality 3.4.18). Note that 

g'(x) > 0 trivially on [tn,n). Thus 

2 2 2 cosec a cosec 00 - w (i=I,2,3)i 

and hence, using (2.3), we obtain 

as required. 


The final assertion on the 'best possible' aspect of the 


inequalities is easily proved by continuity arguments. 


Inequalities (3.9.1) and (3.9.2) are not really of type 

(3.8). The following two inequalities, however, do have the 
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required form. But so far we have not been able to find complete 

proofs for these inequalities. In the next section we shall 

further discuss their validity and its consequences. This section 

contains, at least in our opinion, overwhelming numerical 

evidence in support of the correctness of these conjectures. 

CONJECTURES: 


The inequalities shown below are valid in any triangle. 


The equality signs occur if and only if the triangle is 


equilateral. 


-1 3 -1
l:. a. < w ( C 1 ) 
~ ~ 2 

-2 3 -2
l:. a. > w ( C2) 
~ ~ "4 

The inequalities and have important applications. SomeC1 C2 
of these are the contents of the next proposition. 

PROPOSITION 8: 

(1) implies Yff's inequality (3.7).C1 
(2) and in conjunction imply the inequalityC1 C2 

(3.10) 

which is a sharpening of (3.7). 

(3) implies the inequality minia i < 2w. (3.11)C2 

As usual the equality signs occur if and only if the triangle is 

equalateral. 

PROOF: 

(1) follows from (3.5) with n 

To prove (2) we observe that 
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3 -2 9-2 -1 
Thus 4'w i ~ 2~TIiai and this is precisely (3.10). 

342Moreover, 8w i 3~w , because of (3.2). This shows that (3.10) is 

a real improvement of (3.7). The final statement (3) is obvious. 

Note that 2w i maxia i as a consequence of Yff's inequality. 

The inequalities and have more interestingC1 C2 
consequences. We list a few inequalities, without proof, which 

can be deduced from or or from the pair. Each equality signC1 C2 
applies in the case of an equilateral triangle: 

-1 -1 -1 3-2
Ei(ai-w) > 3w , Ei{ai(ai-w)} L I W , 

(3.12) 
E

i 
(a

i
-w)-2> 3w- 2 • 

Note that all inequality signs point the same way in contrast 

with those of and C2 •C1 
So far our attempts to obtain proofs for the inequalities C1 

and by standard methods have been unsuccessful. We have alsoC2 
tried Lagrange's method of constrained optimization. In [12] 

several geometric inequalities are derived using this approach. 

However, all we have been able to prove along these lines is the 

following: 

PROPOSITION 9: 


If the Lagrangian function 


(k=l,2) 

has no other stationary point in the constraint set 

T := {(a 1 ,a 2 ,a 3 )la i > 0, Eiai=~} than (~/3,~/3,~/3). 

is true.Ck 

Although the proof is not easy, we omit it. The main reason is 
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that the result of PROPOSITION 9 might well be little more than a 

rephrasing of the original problem. 

4. COMPUTER GRAPHICS 

Having failed to discover valid proofs has had little effect 

on our conviction of the correctness of both inequalities andCI 
C2 • However, the reader may need additional information to be 

equally convinced. The next best thing to a proof is substantial 

and unequivocal numerical evidence. This is what we intend to 

provide in this section. 

We start with investigating the class of all differently 

shaped triangles with the same Brocard 

Consider an arbitrary triangle with vertices AI' A2 and A3 • 

Select a real number A, 0 < A < 1. Let Pi be the point on the 

side opposite Ai such that Pi Ai - = A l' where it is1 
understood that Ao = A3 (i=l,2,3). (See fig. 4) 

fig. 4 

It is not difficult to show that the triangle with vertices PI' 

and has the same Brocard angle as the original triangle.P2 P3 
This we intend to do next. By the rule of cosines in the triangle 

with vertices AI' and we findP3 

and 
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by the same rule in triangle AI AZA3 , Elimination of cosa from
l 

these two equations yields 

2 2 2 Z 2
PI A(l-A)a l + A(2A-l)a + (2A -3A+I)a 3 ,2 

2 ---2By symmetry we find similar expressions for P2(= P P ) andl 32 ----2
P3(~ P P ) so that

l 2 

Each of the triangles A P P , A P P and A P P has area
1 3 2 2 1 3 3 2 l 

A(l-A)F, Hence, if FA is the area of triangle P l P 2P 3 , we deduce 

that 

FA = F - 3A(1-A)F 

2
Eiai!F and PROPOSITION 3 it follows that the 

triangles P P P and AIA2A3 have the same Brocard angles, Also1 2 3 
note that the centroids of these triangles coincide, (See fig, 

4), It is easy to see that the restriction on the values of 

A is not essential. Quite naturally A may be extended to take 

values outside the interval (0,1) and the resulting triangles 

also have the same Brocard angles and centroids asP1P2 P3 

triangle AIA2A3' Moreover, they represent all differently shaped 


triangles with that property. 


PROPOSITION 10: 


The triangles P l P2P3 , the vertices of which divide the sides of a 


given triangle AIA2A3 cyclicly in the same ratio A(A E ~) all 


have the same Brocard angle w, Except for similarity and 


orientation of vertices these triangles exhaust all possibilities 


of triangles with Brocard angle w. 


PROOF: We'll only sketch a proof. 


For a full account, we refer to [7], Chapter 7. The proof given 
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by Emmerich is based on the fact that upon projecting a plane V 

orthogonally onto a plane W, all equilateral triangles in V give 

image triangles .with the ~ Brocard angle. Clearly as a result 

of this the value of the Brocard angle only depends on the angle 

between V and W. There is an easy one-to-one correspondence 
TI

between these two angles: if w, 0 < W ~ 6,is the Brocard angle 

and W. 0 < w < f,is the angle between the two planes, then 

(cosw+secw)/3 Z ~ot w. 

So, given two triangles TI and in a plane W with equal BrocardTZ 
angles, one may find a second plane V and two equilateral 

triangles ~l and ~Z in it which are mapped onto the given 

triangles by an orthogonal projection TI: V + W, TI(~i) T •i 
Without loss of generality we may assume that the centroids of TI 

and and those of ~I and ~Z coincide. Let Z denote the commonTZ 
centroid of ~I and ~Z. Transform ~I by homothetic transformation 

with centre Z into a triangle ~i with the property that at least 

one of the vertices of ~i lies on a side of ~Z. 

Then, as both ~I and ~2 are equilateral, the vertices of ~I 

divide the sides of ~Z in equal ratio's (see fig. 5). The 

corresponding triangle Ti with TI(~i) = Ti has the same property 

with respect to TZ' because the projection TI leaves ratio's 

invariant. D 

This proposition enables us 

to closely investigate the 

behaviour of w, the Brocard angle, 

as a function of the triple 

(a l ,a 2 ,a ). Particularly the computer3 
graphs, designed by the second named 

author on an Apple II PLUS micro computer greatly enlarged our 

insight. The first picture (fig.6) gives the level-curve of 

w = O.I06TI. Note that each point of the triangular region 

T {(a l ,a 2 ,a )}IO i a ~ TI.Liai=rr} represents a - possibly
3 i 

fig. 5 
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fig. 6 


Level-curve of w = 0.10611 


Each point of the level-curve represents a triangle A(A) A(A) A(A) . 
1 23' 

triangle A;O)A~O)A~O) has angles (0.
1

,0.
2

,0.
3

) = (211/3,11/6,11/6) (see inset) 

(l-A) 

~ 

) A(0) 

2 

-
T 

(o,O,'lr) Triangle 

("1 

) has angles 

(211/3.11/6,11/6) 

(0,11,0) 



T 

j 0,1, ... ,12 
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degenerate - triangle. The starting triangle, that is the 

triangle corresponding to A = O. is a triangle with angles 

(a ,a ,a ) = (Zn/3,n/6,n/6). Also note that only one of the two
l Z 3

intersection points of this level-curve with the line a = a
l Z 

corresponds to a finite A-value (A = t). This may be explained as 

follows. The 'missing point' represents a triangle with the 

correct value of w but with the wrong orientation. The next 

picture (fig. 7) gives a set of level-curves andfig.8 gives an 
- n 3

impression of the w-surface {(p.w(P» I w:T+[O'6]} cR. 

fig. 7 

Level-curves of w 

(O.O,n) Q. (n - 2jn/36.jn/36,jn/36),
J 

(n,O,O) (O,n,O) 



1 
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fig. 8 

{(P,w(p))lw; T + [o,TI/6]} 

t w 

(frontal view) 

T 

(viewed from a 

eleva(O,lf,O) 

ted position) 

Close inspection of fig. 6 reveals that, given w E (0,TI/6], 

the triangles with Brocard angle wand maximal value of maxia 
i 

are those represented by the points with A = 0, A = t and A = 1. 

Also, the triangles with Brocard angle wand minimal value of 
1minia i are those represented by the points with A = 3' 

A = 3
2 

and A = ± Let us first try to obtain expressions for00. 

these upper and lower bounds for the angles a of a triangle in 
i 

terms of its Brocard angle w. We proceed as fOllows. From 
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it is seen that sin(a1+w)!sinw 2 Z with equality if and only if 

aZ .. a3' 

The important equation in the variable ~ 

sin(~+w) Zsinw (0 < ~ < TT) ( 5 • 1) 

has two solutions ~l and ~Z· Clearly ~l + ~Z = TT - Zw. Further, 

we have 

sin(~+w) Zsinw 
cot~ + cotw sinllsinw sin~sinw 

This yields 

Z 
cot til - Zcotwcott~ + 3 0 

and hence 

(5.Z) 

TT
So, given w € (O'6J , a can have no larger value than Il and

l Z 
a .. Il in a triangle corresponding to A = O. Also a can have no

1 Z 1 
smaller value than III and a III in a triangle corresponding1 
to A = 3 Z 

(see fig.6). 

PROPOSITION 11: 
TT

Given w € (O'6J • Let a 1 ,a 2 ,a be the angles of a triangle with3 
Brocard angle w and let ~I,IlZ be defined as in (5.Z). Then 

The equality signs occur only in case of an equilateral triangle. 

PROOF: The first and last inequality signs of the proposition 

follow from the definition of III and Il (see (5~1», while theZ 
two central inequalities immediately follow from (5.Z). So two 

inequalities remain to be proved. But first we show that 

minia ~ 2w (cf. 3.11). Suppose a triangle with Brocardi 
angle w exists such that a 

1 
= minia i > Zw. 
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Then a1-oo 	 > 00 and hence sin(al-oo) > sinoo, because obviously 
n o 	< al-oo < 2' This inequality may be rewritten as 

cotoo > cota + coseca
l 	 l 

or 

in view of (2.2). Since Eia = n we may write
i 

(5.3) 

Without loss of generality it may be assumed that a ~ a ~ a •
l 2 3 

Define ~(x) = sinx.sin(x+a ) with a ~ x ~ a • Then ~ is al l 2 
monotone increasing function, because ~'(x) sin(2x+a ) > 0

l 
as 2x+a ~ 2a + a < n.l 2 l 


Consequently, sina2 ·sin(a2+a ) = ~(a2) L ~(al)
l 2
sina l ·sin2a l = 2sin 2al·cosa l L sin as ~a 1 a 1 
This contradicts (5.3) so that mini < 200 as required. 

Next suppose = minia i > 00 + t~l' Then 2a l -oo > oo+~1a l 
and thus 

(5.4) 

because of 	 (5.1) and 2a -00 < ~. The latter inequality is a direct
I - 2 

consequence of (3.2) and (3.11) which was proved above. Now (5.4) 

may be rewritten as 

using a similar line of reasoning as before. But this is 

precisely ~(al) > ~(a2)' Assuming a ~ a ~ a 3 , this inequality1 2 
again disagrees with the increasing character of ~ on the 

interval (al,a2l. Thus minia i ~ oo+t~l' 

Analogously it can be shown that maxia > oo+t~2'i 
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From this proposition it is clear that the inequality 

minia i S w+t~l is a sharpening of (3.11). The latter inequality 

was mentioned before merely as a trivial implication of 

conjecture C2 , This brings us back to the conjectures C and C
2 

,
1 

fig. 9 


Three dimensional of wZ.a~ll
__________________ l~~____ 

(frontal view) 

from a 

slightly eleva

ted position) 

(O,lf,O) 

Fig. 9 gives a three dimensional impression of the function 
-1 w Eia defined on the set T. It appears that for fixedi 

If -1 
w € (0'61 the function wEia i attains extreme values at points 

corresponding to isosceles triangles. To be more precise, its 

maximum is apparen-tly attained at points corresponding to 

A = 0, A t, A = 1 (see fig. 6) and likewise its minimum is 

i d · di' 1 ,- 1. I' Iatta ne at p01nts correspon ng to A 3' A - 3' A = 00. 



305 BROCARDIAN GEOMETRY REVISITED 

So it is suggested by fig. 9 that 

Note that the leftmost inequality is (3.9.1). 

Each one of the inequalities 

and 
-I -I 3 -I 
~2 + 4(n-~2) ( -w 

- 2 

is equivalent to 

2 (5.5)~1~2 ~ 3nw • 

The last mentioned inequality we shall prove in the next lemma. 

This means that conjecture is true for isosceles triangles.C1 

LEMMA 2: 

o ( w ~ n/6 and define ~1'~2 as the two (possibly coinciding) 

solutions 	of the equation sin(~+w) = 2sinw in the interval 
2o ( ~ ~ n. Then ~1~2 1 lnw wieh equality iff w 0 or w = n/6. 

PROPOSITION 12: 

is true for isosceles triangles.C1 

PROOF: This proposition is a direct consequence of LEMMA 	 2. 
o 

PROOF OF LEMMA 2: 

2
Since 4Ul~2 = (~1+~2) 
(5.5) is equivalent to 

n - 2w 

or 
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Again this inequality is equivalent to 

and because 0 < W + PI ~ 211 
as well as sin(w+P 1 ) 

2sinw 

we deduce that (5.5) is equivalent to 

cost{(1I-6W)(1I-tW)}! < 2sinw. (5.6) 

5 3wPut t 4 - 2H' Then (5.6) is transformed into 

11and the range o < w ~ 6 corresponds to 1 t 5 
< < 4'

11 2 2 ~ 	 5Define f(t) = 2cos-(2t-l) - COS-ll(t _1)2 for ~ t3 3 ~ 4' 
Clearly f ( 1) f(l) = O. Further. differentiation of f yields

4 

2 _l 2 2 t 	 5
f' (t) - ill S i n!.( 2 t -1 ) + (t -1) 2 s in31l(t -1) for 1 < t

3 3 	 ~ 4' 

in particular f' (1) and lim f' (t) = j1l(jll - 13) > O.
4 HI 

Let be the set of all 	zero's of f between 1 and t.Nf 
Nf 

5 	
Nf:= {tll<t<4.f(t)=0}. Suppose is non-empty. 

For each t E N
f

• f'(t) = 	F~t).G(t) with 
t -1 

2	 2
F(t) := 4sin (1(2t-l») -	 3t and 

5
It is easy to see that G(t) > 0 for all t E [1'4]' Hence. for all 

t E N • f'(t) = 0 if and only if F(t) = O. We investigate thef 
function F. First. F(l) .. 0 and F(t) < O. The function F is 

concave. because F"(t) < O. Thus the derivative F' is strictly 

decreasing. Since F'(I) > 0 and Ff(t) < O. there is a unique 

point 0 € (l.t) with F'(o) = O. At 0 the function F attains a 
5positive maximum. so that a unique point a E (1'4) exists with 

F(!3) = O. 
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Now define to := inf Nf • Since 	lim f'(t) > 0 and because 
HI 

of continuity, f'(t) > 0 for t > 1 provided t is sufficiently 

close to 1. From f(l) - 0 it then follows that f(t) > 0 for all t 

in a right neighbourhood of 1. Consequently to > I, so that 

to € Nf • Suppose to < ~, then f'(t ) > O. Since also f(t ) = 0,o o 
it follows as before that f(t) < 0 for all t sufficiently close 

to to with t < to. But this implies the existence of an element 

of between 1 and to' which does not agree with the definitionNf 
of to. Hence to L ~. 
Similarly, because f'(t) < 0 for all t € with ~ < t < ~ - 4 
it can be shown that tl := sup N ~ ~.f 
As a consequence cannot contain any t * ~. Moreover, ~ E NNf f 
implies that 

f(8) = 0 and F(8) 

2sin3(28-1) 8/3. 

This implies 

sinx .and thus ~ = 5, because --x-- 1S a strictly decreasing function. 


However, this contradicts 


2sint(28-1) = 8/3 as 2sin3(/S-l) * t/15. 


As a result is empty. Because f(8) > 0, the required
Nf 
inequality (5.7) and hence also (5.5) follows. 
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In fig. 10 a three dimensional impression is given of the. 
2 -2

function w ~iai defined on the set T. We get a picture which is 
-1 very much like that of the function w ~iai (fig. 9) provided we 

interchange maximum and minimum at each relevant place. So, 

likewise, it is suggested that 

fig. 10 

Three 

(frontal view) 

(viewed from a 

slightly eleva

ted position) 

(0,1T,0) 

Note 

We may 

like 

that 

we 

here 

proceed 

proved 

the rightmost 

to prove conj

conjecture C1 

inequality 

ecture C2 
for those 

for 

is (3.9.2). 

isosceles triangles 

triangles. However, the 

inequalities involved turn out to be of such complexity, that our 

attempts remained unsuccessful so far. 
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